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" ™" 9-1 Introduction to FVM (1)

> The general differential equation, for the conservation of a physical

property, (A (p(p)

+V.(pV) = V.(I'V) + S

» The 4 terms are: Unsteady term, Convection term, Diffusion term and
Source term

> In general, [A] = A(x, y, z, t)
> [A] is the diffusion coefficient corresponding to the particular property
A}, S is the corresponding source term

» As [A] takes different values we get conservation equations for different
quantities

eg: [A]=1: Mass conservation
A}=u: x-momentum conservation
Al=h: Energy conservation
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H 9.1 Introduction to FVM (2)

» Key concept: Integration of differential equation over Control Volume

oy et =g gl 3 2y gl 3 P
d | |
f[j E(det}dl""*‘f [f n. (pVe¢) dA) dt = f LJ- n. (Fv¢)dA}dr+f J.Sc;;,dl-'dr
cvV =t t A t A E -

» For simplification, we first do finite volume formulation for 1-D steady
state equation(with no source term)

d _d  d¢
Ty PuP) =~ (I'=7)

 The flow field should also satisfy continuity equation
d(pu)
dx

= 0 or pu = constant
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~TE¢H 9-1 Introduction to FVYM (3)

e Control Volume(CV) to be used:

&rwe
I - u,——»
!d' ’o' “I +, ,I ’J' ,f ,d
® . F4 Fd 4 J'_b Ed F Ed F4 .‘
W - A A A v A A & E

e Integration of transport equation for the shown CV gives

A A = FAa(p FAa(p
(pu qb)e_(pu (}b)w_( E)E_( a)w

e Derivatives for diffusion term are calculated assuming piecewise linear
profile of [A

0. _ e — Pp dp. $p — Pw
(FAa)E_HEAe( 5.%'5, )’(rAa)w_FwAw(
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9-1 Introduction to FVM (4) %\\v

e Assuming A, = 4,, , the integral of transport equation becomes,

Fe‘be _ w¢w = De((pE _ cpP) - Dw(¢P _ cer)

I
where, F = pu and D = —

ox
Fy = (pu)y , F, = (pu).
I I
D :—w, D = £
Yo bx, ¢ ox,

* Also, from continuity equation, we have
F.=F,

e There are various methods to calculate the Convection term and will be
discussed after the four basic rules
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9-1 Introduction to FVM (5) Wi

e For solutions to be: 1. Physically realistic
2. Satisfy overall balance (conservative)

There are some basic rules that need to be satisfied by the discretization
equations

Standard form of discretization equations(1-D): @p®p = Gy Py + apPpr + b
Rule 1: Flux consistency at CV faces

When a face is common to two adjacent control volumes, flux across it
must be represented by the same expression in discretization equations
for both the control volumes

Rule 2: Positive coefficients
All coefficients must always be of same sign because an increase in
¢w or ¢ must lead to increase in Pp
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9-1 Introduction to FVM (6) Wit

Rule 3: Negative slope linearization of source term

If source term is dependent on [A}, it is linearized as:
S=S:+ 505

This Sp will then appear in @p along with other terms. To ensure @p
remains positive, Sp must be negative or zero

Rule 4: Sum of neighbour coefficients

If governing differential equation contains only derivatives of [A], both
A} and [A]+c will satisfy the equation. In this case,

ap = Z nb
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TECH 9_2 FVM for 1-D steady State Diffusion (1)

e As first approach the simplest transport process: pure dif-
fusion in the steady state.

e Governing equation

V-(I'Vp)+S,=0
e Integration in each CV
[ V- (CVG)dV + [, SpdV =

[ (V) dA+ [ SydV =0
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TECH 9_2 FVM for 1-D steady State Diffusion (2)

FVM for 1-D steady state diffusion

Differential equation to be considered:

f[ﬁmj+ﬁ_m

dr \ du
Boundary values must be prescribed for o
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TECH 92 FVM for 1-D steady State Diffusion (3)

Step 1: Grid generation

bru.p i 0 llr E 1
OX w/ .‘ OX Pe - l
1 |
| P i o e e e e e e e e
& | s
— e —— A —— d— — — — — —1
W W € E
Ax = dx,,,
!.*'ﬂ— o

e First: divide the domain into discrete CV in such a way that
physical boundary coincide with CV boundaries.

e Establish the standar notation (see figure)
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TEH 9-2 FVM for 1-D steady State Diffusion (4)

Step 2: discretisation

dd 1o _
(m”) S (m‘f”) +TAV =0 (9)
dr/. dxr /.,

e S average value of source S, over the CV.

e A cross-sectional area of the CV face

e Eq. (9) has a clear meaning: it states that the diffusive flux
of @ leaving the east face minus the flux entering the west face
is equal to the generation of ¢ inside the CV.

Computer-Aided Analysis on Energy and Thermofluid Sciences . .
Y.C. Shih Fall 2014 Chapter 9 FVM for Diffusion Problems



o \\W
TAIPEI

Z="1ecH 9-2 FVM for 1-D steady State Diffusion (5) QU

Step 2: discretisation

e Estimation of [" and gradient of ¢ at faces ¢ and w.
e © and | are defined in the nodes. Gradients in the faces are
calculated interpolating values between nodal points.

e For diffusive term, linear interpolation is the simplest manner
(central differences). In a uniform grid

, [y +1Tp . I'p+Tg
I w — } ; I e — ;
) )

(1a%9) _pa (22=2)
dxr/, O pp

(m@) ~T,A, (‘”"i - fj”')
dx " (},I.’H'p
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TECH 92 FVM for 1-D steady State Diffusion (6)

Step 2: discretisation

e S may be a function of ¢, so FVM approximates it by the
linear expression

?A[r' — kg'” + #%'Jrl(l_‘}!f.i

e [ he discretised equation is then

O — Op Dp — O )
( L ) _ ( Sl ) + 8, + 8,0, =0

(S.I‘IJE (5.3"-1 P
[1( 44; rrf'*ilrf' -y
- + — — ‘S;? (D,U —
Orpp  OXWwp

[LAN LA ]
- Op + | = Dw T S
O pE r‘).I‘”'p
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TECH 9.2 FVM for 1-D steady State Diffusion (7)

Step 2: discretisation

e [n a symbolic way it can be written:

(I.p(,.-"")p = ('I-b'(.fﬁb' -+ ﬂn‘(.-"i}[[' -+ S” (ll)

ay |ag |ap

1_‘”'-1”‘ lﬁr-lr

.. aw +ar — S
e p | orpp | OV F p

Tri-diagonal matrix

e This type of discretisation is central to all further develop-
ments
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TECH 9.2 FVM for 1-D steady State Diffusion (8)

Step 3: Solution of equations
e Eq. (11) must be set up for each nodal point.

e |t must be modified in CV adjacent to the domain boundaries
to incorporate the boundary conditions.

e Resulting system of linear algebraic equations has to be solved
to obtain the distribution of ¢ at nodes.

e [here exist numerical algorithms specially designed for CFD.
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TECH 9.2 FVM for 1-D steady State Diffusion (9)

Thomas’ Algorithm

Gaussian elimination can be efficiently applied to a non-singular tridiagonal
system of the form

3 U 0
/ = I " rl}]
P2 a2 7 e : U2 ha
0 0 -
: Un—1 '-I):j—J
'v));"i—| Qp—| “fn—1 v, hr
\ 0 0 Bn o

using the following algorithm:

{i| =
t = -’l|
for k=2,3,..., n (upper triangular form)

My = B /0k
Ap = Qp — MpYe
Cr = b, — mpCr_1q
Vg = Pl ln (backsubstitution)

fork=n—-1.n—2..... |

Ve = I[(} Ve Uk+41 _i'f-"ﬂ-},-
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Boundary conditions

ox
Tp f—e— * —e —e—— T,
w w P e E
I ] | l
f Sx | Sx I Sx ! 5x
2 2
Ta and Tg fixed temperatures (Dirichlet boundary conditions)
d (., dr) T, -T, T,-T,
ko | ra=o0 {A A[ ) k 4(_]}9‘4&20
dx X ox ox
After discretization apTp=awlw +agTe + Sy
aw ar ap Sp Sy
kA/x kA/ox awtae-Sp 0 qA X

Valid for the inner CV’s
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“TECH 9.2 FVM for 1-D steady State Diffusion (11)

Boundary conditions

ox
Tyt * ' * * | .
w w P E
L 1 | |
| | | |
) Ox ox SX
Left CV: < %
[
A e
aw ae ap Sp Su
0 kA/ox awtaeg-Sp -2kA/ox QAOX+2KAT 5/ X
Right CV:
PyrRANYS .
K| _}‘ | +gdde=0
KA/ox 0 awtaeg-S -2kA/0X qQAOX+2KATg/ X
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TECH 9_2 FVM for 1-D steady State Diffusion (12)

Boundary conditions

ox
T | . -
Al @ & % ; ® 1 g=0
w W P e E
I | | |
ex o ex o 5x
2 2
Tx fixed and insulated bc at the right side (zero heat flux)
d(. dT)
Inner CV’s (k, A, h constants) E:\_’“E |- hP(T-T_)=0
‘T,-T,) (T,-T; ) , 1 Define n* = hP/(kA)
|i{ ox l \ o ” [” (Zp Tm)é\r]— 0
In the general form: apTp=awlw+acleg + S,
aw ar ap Sp Su
1/0x 1/x awt+ae-Sp -n°ox n°T..ox
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TECH 9-2 FVM for 1-D steady State Diffusion (13)

Boundary conditions

ox
W % P e E
1 | l |
| | I |
Left CV: _6_{ SX SX Q
2 2
‘T,-T,\ (T,-T,) . o
(222 (e b -moad=o
aw are ap Sp SE;
: L aw+ac-Sp | -n’x-2/x | n’T-ox+2Ta/X
Right CV:

{0 - l d: (;I J] — (T, -1)&|=0
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Figure 4.3 A

W
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TEC€H 9-2 FVM for 1-D steady State Diffusion (14)

Consider the problem of source-free heat conduction in an insulated rod
whose ends are maintained at constant temperatures of 100°C and 500°C
respectively. The one-dimensional problem sketched in Figure 4.3 1s gov-

erned by

T
d (Ad—J =) (4.13)
dy| dx

Calculate the steady state temperature distribution in the rod. Thermal con-
ductivity # equals 1000 W/m.K, cross-sectional area A4 is 10 x 10~ m?.

Computer-Aided Analysis on Energy and Thermofluid Sciences

0.5m
:
_ _ _ ( _ LS
=100 < 5= 500
Area (A
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TECH 9.2 FVM for 1-D steady State Diffusion (15)

Let us divide the length of the rod into five equal control volumes as shown
in Figure 4.4. This gives ox = 0.1 m.

Figure 4.4 'The grid used | 1 e 2 1 3 | 4 | >
T ° E————— . | . | . Ts
vz | e | x| o2,

The grid consists of five nodes. For each one of nodes 2, 3 and 4 temper-
ature values to the east and west are available as nodal values. Consequently,
discretised equations of the form (4.10) can be readily written for control
volumes surrounding these nodes:

b ko ky b
- ‘46 + - ‘4113 TP = _H"le TI-V + _€‘4€ TE (414)

OXpg OXyyp Oxyyp Y PE
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TEC€H 9-2 FVM for 1-D steady State Diffusion (16)

The thermal conductivity (£, =k, = £), node spacing (0x) and cross-sectional
area (A, = A, = A) are constants. Therefore the discretised equation for
nodal points 2, 3 and 4 is

aplp=ayly+aply (4.15)
with
Ay dg dp
¢ A ¢ A A+ ag
Ox Ox

S, and .S, are zero in this case since there is no source term in the governing
equation (4.13).
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TECH 9-2 F\VM for 1-D steady State Diffusion (17) QU

Nodes 1 and 5 are boundary nodes, and therefore require special atten-
tion. Integration of equation (4.13) over the control volume surrounding

point 1 gives

T, To—T,
kA Pl_pql 224 1= (4.16)
5,1* ov/2

This expression shows that the flux through control volume boundary 4 has
been approximated by assuming a linear relationship between temperatures
at boundary point 4 and node P. We can rearrange (4.16) as follows:

k 2k koo 2k
A+—A4|T»=0.T —A|T:+ AT 4.17
(5,1* Oox J d v (5,1* J £ (5,1 J 4 ( )

Comparing equation (4.17) with equation (4.10), it can be easily identified
that the fixed temperature boundary condition enters the calculation as a
source term (.S, + Sp7p) with S, = (2kA4/x)T ;and S, = —2kA/ bx, and that
the link to the (west) boundary side has been suppressed by setting
coefficient ay to zero.

Computer-Aided Analysis on Energy and Thermofluid Sciences . .
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TECH 9.2 FVM for 1-D steady State Diffusion (18)

Equation (4.17) may be cast in the same form as (4.11) to yield the dis-
cretised equation for boundary node 1:

[IPTP =da H;’T”:' +dg TE + ‘S‘u ('I' 18)
with
dw dg ap S P SH
kA 2kA | 2kA
0 aw+ag—.S, | — T
Ox e s | &

The control volume surrounding node 5 can be treated in a similar manner.
Its discretised equation is given by

To—T, To— T,
pA| 2P pq 22 T (4.19)
Sx/2 Sy

As before we assume a linear temperature distribution between node P and
boundary point B to approximate the heat flux through the control volume
boundary. Equation (4.19) can be rearranged as

koo 2k k 2%
( A+ fIJTp: [5 flJ T”.r-i-(] . TE+ (5 /‘IJTB (4‘20)

O o \ Y
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The discretised equation for boundary node 5 is

where

(IPTP = ;.I,fT;.;.—' + dr TE + oSH

dyy dr dp 'SP uSH

kA ‘ 2kA | 2kA
— 0 Ay + adrp— "SP — TB
Ox Ox Ox

TECH 9.2 FVM for 1-D steady State Diffusion (19)

The discretisation process has yielded one equation for each of the nodal
points 1 to 5. Substitution of numerical values gives #£4/0x = 100, and the
coefficients of each discretised equation can easily be worked out. Their
values are given 1n Table 4.1.

Computer-Aided Analysis on Energy and Thermofluid Sciences
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9-2 FVVM for 1-D steady State Diffusion (20)

Node awy ag S, Sp ap=aw+ar— Sp
1 0 100 2007, —-200 300
2 100 100 0 0 200
3 100 100 0 0 200
4 100 100 0 0 200
) 100 0 20075 —-200 300

The resulting set of algebraic equations for this example is

3007, = 1007, + 2007,
2007, = 1007, + 1007
2007, = 1007, + 1007,
2007, = 10075 + 1007
3007 = 1007, + 2007,

Computer-Aided Analysis on Energy and Thermofluid Sciences
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This set of equations can be rearranged as

300
—-100
0

0

0

—-100
200
—-100
0

0

0
—-100
200
—-100
0

0

0
—-100
200
—-100

o
0
0
—-100

300

(2007 |
0
0
0

2007

TECH 9_2 FVVM for 1-D steady State Diffusion (21)

(4.23)

The above set of equations yields the steady state temperature distribution
of the given situation. For simple problems involving a small number of
nodes the resulting matrix equation can easily be solved with a software
package such as MATLAB (1992). For 7', =100 and 73 = 500 the solution

of (4.23) can obtained by using, for example, Gaussian elimination:

1
15

(140 ]
220
300
380

460

Computer-Aided Analysis on Energy and Thermofluid Sciences
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TEC€H 9-2 FVM for 1-D steady State Diffusion (22)

The exact solution 1s a linear distribution between the specified boundary
temperatures: 7' = 800x + 100. Figure 4.5 shows that the exact solution and

the numerical results coincide.

600

500 |—

400 —

300 |—

200

Temperature (°C)

Exact
100

f

Numerical

0 0.05 0.15 0.25

Distance x (m)

Computer-Aided Analysis on Energy and Thermofluid Sciences
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TECH 9.3 FVM for 2-D steady State Diffusion (1)

FVM for 2-D diffusion problems

e The methodology can be easily extended to 2-D

Girid N
‘_
________ < R U W
. W IR i
e L om—" . Ay
Gak LY
5 :
5
S
-ﬂ‘-lﬁ“—-h-
1
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TECH 9.3 FVM for 2-D steady State Diffusion (2)

W
==

FVM for 2-D diffusion problems

e [he methodology can be easily extended to 2-D. Eq. for 2-D
steady state diffusion

U(rm) *U(ff}“) +5=0

e Formal integration over the CV

() ( o

0 (0o W
./(‘l' r (r()i') drdy + /( v ()z/ r();/) dady + / Sydrdy = 0
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TECH 9.3 FVM for 2-D steady State Diffusion (3)

W
==

Voo

ox

/( _ ,(') (f {)(b) (fjf]t/+/

)
(1_(,“) dule;+/ Sydrdy = 0

CVoy \ Oy

e As A, = A, =Ayand A, = A. = Ax

o doO\
[, A, —I',, A, |
{ (f)r) (f)z),,.+

| ()()) (()O |
r ) ‘_l,u F "1 H_\.‘
- (()z ()a,r) . -

e Discretisation of the derlvatlves as in 1-D, e.g.

(" )*f-')) bp — Op (f)rf:r) bp — bg
0z, drpp  \OY/, OYsp
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TECH 9.3 FVM for 2-D steady State Diffusion (4)

e Proceeding in the same way as in 1-D, it is obtained: Exercisel!

apbp = apdp +aywonw +axoy + asog + .S, (12)

(ryy (1 (lq N (ap

lq,lr'.l”' I-f'v lr I‘H'lﬁ' ]-”.l”
ﬂ._F‘H'jn "‘-"'"j’f_-' 'r‘-.u,"?f’ ('ﬁl'_._”:j-a_\\-

ayw +ap +as+ay — S,

e Eq. (12) is written for every node. Resulting set of algebraic
equations.

e At boundaries the discretised egs. are modified to introduce
the boundary conditions.

e [he final set of linear equations is solved to get the 2D dis-
tribution of .
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TECH 9-4 FVM for 3-D steady State Diffusion (1)

FVM for 3-D diffusion problems

Computer-Aided Analysis on Energy and Thermofluid Sciences . .
Y.C. Shih Fall 2014 Chapter 9 FVM for Diffusion Problems



TAIPEI

TECH 9.4 FVM for 3-D steady State Diffusion (2)

FVM for 3-D diffusion problems

e Steady state diffusion in 3-D

4 (I'UO) n 0 (lﬂ“fﬁ"')) N 0 (I‘”O) LG

e Algebraic equation for each CV | Exercise!

ApQp = AQF +awow + anNOyN + as®s +apOp + arQr + S”

aywy (af (19 an ap ar ap

ll‘“"li!' L'e A oA llhniln II‘fJ-ih [_‘I-!u’
oLy p "\'."'.z'"f'.‘ dysp | OypN | 0zpp | 0zpg

ay +ap +—as +ay
+ap + ar — S;,
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e 9-5 Unsteady Term (1)

h'l,
'1

I||

» For handling the unsteady term we will look at 1-D unsteady
equation without convection(without source term), later we can

extend the concept to convection-diffusion equations of all kinds

=5 5)

» Integration over the 1-D CV gives

e t+At t+AL e

[ [ 2= [ [2(r%8)aa

Computer-Aided Analysis on Energy and Thermofluid Sciences
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TR 0-5 Unsteady Term (2)

» Density remains constant(from continuity equation)
t+AL

po(@ —dpx = [ (n 22—, 2B

L

» Now we need an assumption for ¢ with t, We assume

t+AL

[ #ode=0o+ g2, 0<f<1

» We use similar formulas for ¢z and ¢w

Computer-Aided Analysis on Energy and Thermofluid Sciences . .
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TR 0-5 Unsteady Term (3)

» Final Discretization Equation:

apdp = ag(fop + (1 — o) +aw(fow + (1 — oy,)
+(ap —(1— flag — (1 — flay)dz

where,
Ag | Ay fflg ap
1_;? FW pP‘ﬂx Ifﬂg‘l“fﬁw—i‘"ag
dx, dx,, At
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“H 9.5 Unsteady Term (4)

If f=0: Scheme is explicit

If f=0.5: Crank Nicholson Scheme

If f=1: Implicit Scheme

Variation of Temperature with time for the three schemes is :

explicit

TU /

| < T

| N
TP Crank-Nicholson

;| S

fully implicit

o~ e e e

Computer-Aided Analysis on Energy and Thermofluid Sciences . .
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TR 9-5 Unsteady Term (5)

Analysis:
e Explicit Scheme: apdp = agpp+ay Py + (ap — ag — ay)Pp

» The coefficient of ¢ becomes negative if ap exceeds ar + ay

* For uniform conductivity and equal grid spacing, scheme is stable if

pp(Ax)?
2I'
e Crank Nicholson Scheme: Coefficient of @ is
, (agt+ay) ppbx T
T2 T At e

At <

Computer-Aided Analysis on Energy and Thermofluid Sciences . .
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TR 9-5 Unsteady Term (6)

* Even in Crank- Nicholson Scheme, if the time step is not sufficiently
small, the coefficient of ¢ will become negative

e Crank Nicholson Scheme is also conditionally stable

o Implicit Scheme: Only in this case, the coefficient of @» is always
positive. Thus, fully implicit scheme satisfies requirements of simlicity
and physically realistic behavior.

* However, at small time steps, Crank Nicholson scheme is more accurate
than fully implicit scheme

* Reason: Temperature time curve is nearly linear for small time
intervals which is exactly what we assumed in Crank Nicholson scheme
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