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/-1 General Remarks (1)

B The transport problem governed by a single or a set of
differential equations and the boundary conditions can be
approximated by a system of algebraic equations.

B If the resulting system 1s linear and the algebraic equations are
not so many, they can readily be solved by using any one of
the standard computer subroutines for solving system of
algebraic equations.

B If the number of equations to be solved 1s very large and/or the
equations are nonlinear, one needs to examine the nature of the
resulting system of equations.
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/-1 General Remarks (2)

B The proper choice of the computer subroutine for solving sets of algebraic
equations 1s strongly affected by the following considerations:

(1) Whether the problem is linear or nonlinear,
(11) Whether the coefficient matrix is tridiagonal, full or sparse(i.e.,
large percentage of entries are zero),

(111) Whether the number of operations involved in the algorithm is so
large as to give rise to excessive accumulation of round-off errors,

(iv) Whether the coefficient matrix is “diagonally dominant”,

(v) Whether the coefficient matrix is ill-conditioned (i.e., small
changes in the coefficients, such as those introduced by round-
off errors produce large changes in the solution).
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/-2 Reduction to Algebraic Equations (1)

B A large variety of finite difference schemes 1s available for
discretizing the derivatives in differential equations; the choice
depends on the nature of the governing differential equation and its
boundary conditions.

B Here our objective is to illustrate the basic steps in the
transformation of a differential equation and its boundary condition
into a set of algebraic equations.

B Consider the following simple example:
(1) Energy 1s generated 1n a slab of thickness L at a rate of g(x)
W/m?, while it is dissipated from the boundary surfaces at
x=0 and x=L by convection into ambients at temperatures T.. o
and T,  , with heat transfer coefficient h, and h;, respectively.s
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/-2 Reduction to Algebraic Equations (2)

(2) The mathematical formulation of this problem for the
steady state 1s given by

2
4700, Lgn=0 in 0<x<L.. (4-1a)
dx K
—ded(X)JrhoT(x):hoTooo at  x=0.. (4—1b)
" .
ded(X)JthT(x):hLTooL at  x=L.. (4-1c)
" ,

(3) The basic steps in the transformation of this problem by
finite differences 1nto sets of algebraic equations for the
temperatures T, at a finite number of grid points
1=1,2,...,.M, chosen over the solution domain of the

problem as follows:
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/-2 Reduction to Algebraic Equations (3)

(1) The domain o<x<L 1is divided into M equal
subregions each of thickness &=L/M (Grids of

unequal size can also be used)

To T T, Tm T; Tiaa YR Tw
— +———+ ——> x
Ax Ax Ax Ax AXx
X ={ X-L

Figure 3-1. One-dimensional finite-difference grid
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/-2 Reduction to Algebraic Equations (4)

(1) (a) The differential equation (4-1a) 1s discretized by a
suitable finite difference scheme at the internal grid
points 1=1,2,...,M-1. By using the classical second-
order accurate central-difference formula to discretize
the second derivative, eq. (4-1a) reduces to

T 2N+, 1 g

(axf kT
with a truncation error o[(Ax)z]

This result 1s rearranged 1n the form

+G, =0 i=123,..,(M-1).. (4-2a)

=0

T,.,—-2T.+T

i+1

G - % (4-2b)
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/-2 Reduction to Algebraic Equations (5)

(b) The system provides M-1 algebraic equations, but it
contains M+1 unknown grid-point temperatures
Ty, Ty,...,Tyy. Two additional relations needed for making
the number of equations equal to the number of unknowns
are obtained by discretizing the boundary conditions.

(i11) (a) The boundary conditions given by egs. (4-1b) and (4-1c¢)
need to be discretized because they contain the first
derivative of temperature. If the forward and backward
differencing formula are used, the results are first-order
accurate. It 1s desirable to use a second-order accurate
formula in order to be consistent with the second-order
accuracy of the discretized differential equation.
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/-2 Reduction to Algebraic Equations (6)

(b) To obtain a second-order accurate formula for the first-derivative,

it 1s need to implement this formula at the boundary grid points
1=0 and 1=M. Additional grid-points are needed to the left and to
the right of the boundary nodes i=0 and 1=M, respectively.
Therefore, fictitious nodes located at a distance AX to the left
and right of the boundaries at x=0 and x=L, at fictitious

temperatures T_; and T,,,,, respectively, are considered.

i 1
AxIAx Ax

¥

x=0 X =L

Figure 3-2 Fictitious nodes at {ictitious temperatures T_y and Tygy1.
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/-2 Reduction to Algebraic Equations (/)

(c) Applying the central-difference formula to egs. (4-1b) and

(4-1c), we can get

T, -T_

—k#'F hOTO - hOToo,O (4—3a)
Tu.a—Tu_

k —M leXM L+ h Ty =h T, .. (4-3b)

To eliminate the fictitious temperatures T and T, two
additional relations obtained by evaluating eq. (4-2a) for
1=0 and 1=M, to give, respectively,

2
T, —2T,+T, +%:om (4—4a)

2
T,  —2T, +TM+1+(AX|)(gM —0.. (4—4b)
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/-2 Reduction to Algebraic Equations (8)

(d) Combing eqs. (4-3) with egs. (4-4), we have

2T, 28T, +(27,+G,)=0 at x=0 (i=0).. (4-5a)
2T, —2BT, +(2y +G,)=0 at x=L (i=M).. (4-3b)

where
B, =1+—=2 AXhO Vo= AX(hIZTw’O>
p=1+ AX s VLT AX(hlI;TOO’L)
o _(Fe, o (&,
0 k > " k
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/-2 Reduction to Algebraic Equations (9)

(e) Equations (6-2)~(6-5) provide M+1 algebraic equations
for the determination of M+1 unknown node temperatures

T, (1=0,1,2,...,M). These equations are summarized

below
2T, —248,T, = (27, +G, ), i=0 (4 - 6a)
T ,—2T.+T, =-G, i=12,..M—-1 (4-6b)
2T, - 28T, =-2y, +G,, ), i=M (4—6C)
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/-2 Reduction to Algebraic Equations (10)

(1v) (a) The sets of equations (4-6a)~(4-6¢) are expressed
in the matrix form [A] {T}={B},

where
2By 2 0O e o0 o0 |
1 -2 1 0 0
0 1 -2 1 00 O known
[A]l= = coefficient
martrix
0 1 -2 1
0 0 o oo 0 2 2B
T, - (Go +2y o)
T, -G,
{T}=4 ‘+=unknown vector, {B}=: . . =known  vector
Uy - (Gy +27, ) 712
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/-2 Reduction to Algebraic Equations (11)

(b) For the one-dimensional problem considered here, the
coefficient matrix [A] 1s a tridiagonal matrix.
Depending on the nature of the problem, the dimensions
and the finite-difference scheme used, a multidiagonal,

a full or a sparse matrix may result.
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/-2 Reduction to Algebraic Equations (12)

(4) Control-volume approach:

(a) In the above illustration we used fictitious nodes in order
to develop a second-order accurate finite difference
scheme to discretize the boundary conditions. The same
equation can also be developed by applying the control-
volume approach for a volume element about the

boundary node.

A X h

1
]
1
|
t
I
¥
1
]
]
I
1
-

hy AX
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/-2 Reduction to Algebraic Equations (13)

(b) Consider control volumes of thickness AX/2 next to the
boundary surfaces at x=0 and x=L. The steady-state
energy conservation principle for each of these control
volumes is stated as

(Rate of heat gain by convection)+
(Rate of heat gain by conduction)+

(Rate of energy generation)=0
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/-2 Reduction to Algebraic Equations (14)

(c) The application of this conservation equation for the

boundary nodes about 1=0 and 1=M, respectively, gives

T-T, AX ..
hO(TOO’O —TO)+k leo + g,=0 at x=0 (ie,i=0)
h(T., —TM)+|<TM-1A;TM +A2X g,=0 at x=L (ie,i=M)

These results are rearranged as

2
2T, —(2 T ZAljhO )TO n {—MXhO 1. &x)g, } )

k =° k

2
2TM_1—(2+ ZA;‘hLJTM {—MXhLT | I M }:0
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/-2 Reduction to Algebraic Equations (15)

(5) So far we 1llustrated the basic steps in the transformation of a
PDE and 1ts B.C.s into a system of algebraic equations. The
methods of solving such a system of algebraic equations can
be put 1nto one of the two categories:

(1) The direct methods.

(11) The 1terative techniques.
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/-3 Direct Methods (1)

B Generally, the direct methods are preferred for systems having banded
matrix coefficients and for problems involving relatively simple
geometries and B.C.s. They are very efficient, but require large
computer storage and give rise to the accumulation of round-off error if
the number of equations is large.

B Gauss Elimination Method:
(1) This is a direct method commonly used for solving simultaneous
algebraic equations. In this method, the coefficient matrix is

o+
[N

of equations remains invariant. Two principal operations applied
include:

(1) Multiplication or division of any equations by a constant.

(i1) Replacement of any equation by the sum (or difference) of that

equation with any other equation. .18
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/-3 Direct Methods (2)

(2) Once the system is transformed into upper diagonal form,

the solution starts from the last equation and proceeds
upwards by back substitutions.
(3) Example:

(1) Consider a simple example involving three
unknowns T,, T,, and Tj.

qa T +a. T 4+9..T

“I11+1 %1252 <13+ d

3~ 4
a,, T +a,,T,+a,;T;=d,

a3, T +a3, T,+ayTy=d;
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/-3 Direct Methods (3)

(i1) We choose the first equation as the “pivot” equation and use
it to eliminate T, from the second and third equations.
We obtain

allTl + a12T2 + a13T3 - d1
O+a,T,+a,T,=d,
0+a,,T,+a,T,=d,

To eliminate T, from the third equation, the second equation
1s used as the “pivot” equation. The result is

a, T, +a,l,+a,T;, =d,
0+a,T,+a,T,=d,
0+a,T, =d,
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/-3 Direct Methods (4)

(111) The unknowns T, are immediately determined from this

system by starting from the last equation and by back
substitution. We obtain

T3 = d,3 (4 -3a)
aj;
T, = (dz‘f'"23T3) (4 - 3b)
a
T1 = (dl_al3T3_a12T2)/all (4 -3c)

The above procedure can be readily generalized to a system
of N equations. The number of multiplications involved in
the solution of a system of N algebraic equations with a full
matrix by using Gauss elimination varies as N3.
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7-4 Thomas Algorithm (1)

B In the case of a tridiagonal system of algebraic equations, such
as the one encountered 1n the solution of 1-D heat conduction
problems, the Gauss elimination method can be further
simplified by taking advantage of the zeros of the tridiagonal
coefficient matrix. This modified procedure, generally referred
to as Thomas Algorithm, 1s an extremely efficient method for
solving large number of such equations

B Consider a system of N algebraic equations having a tridiagonal
coefficient matrix given as follows:

~ by c1 0 o --- 0 0—‘—.1.1_‘ = d;
ag bz c2 0 0 0 T, da
0 a3 bz ¢3 0 0 Ts &
0 0 ayy b ONa TN-1 N
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7-4 Thomas Algorithm (2)

B Procedure of Thomas Algorithm:

(1) The first row is chosen as the “pivot”, multiplied by “a,/b,” and
substracted from the second row to eliminate a,. The resulting second
equation is equivalent to

replacing “b,” by (b,-a,/b,*c,)
replacing “d,” by (d,-a,/b,*d,)

(2) The modified second equation is chosen as the “pivot”, a similar
approach is followed to eliminate a;. The resulting third equation
is equivalent to

replacing “b;” by (b,-a;/b,*c,)
replacing “d;” by (d;-a;/b,*d,)
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7-4 Thomas Algorithm (3)

(3) The procedure 1s continued until ay 1s eliminated from the last
equation. Thus the general procedure for upper diagonalizing
eq. (4-4) is stated as

replacing “b,” by (b;-a,/b, ;*c, ;) for [=2,3,....N
replacing “d,” by (d;-a,/b, ,*d, ;) for I=2,3,....N

(4) Once the tridiagonal form is achieved by the above procedure,
the unknown T,’s are determined by back substitution, starting

from the last equation and working backwards

_
by
14 _bC‘T‘“ , i=N-1L,N-2,..]
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7-4 Thomas Algorithm (4)

(5) Using the Thomas algorithm, the number of basic arithmetic
operations for solving a tridiagonal set of the order N, in
contrast to O(N?) operations required for solving with Gauss
elimination. Therefore, not only are the computation times

much shorter, but the round-off errors also are significantly

reduced.
(6) Example:
-1 1 0 O0]T,] [-40
1 =2 1 01T]| |-30
0 1 -2 1|T,||=30
0 0 1 -2|T,| [-30
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7-4 Thomas Algorithm (5)

Solution. The upper diagonalization procedure defined by Egs. (3-21a,b) gives

(b =-1
_ 32 vy D
bzzbz—blc,1~ 2 (_1)(1)— 1
b Y ey a
b3a=b3—bzcz——Z—(__U(l)s—l
a 1
Lbs = bs %nn 2 é%)(lh 1
arxl
(dy = 40

a 1 .
dy=dy - “hz;dl =-30- %(‘40):—70

ds = d3 — %dg = - 30- {%L)(—m):v-mo

aq (1)
= - = - 3( - —1 = -
\ d4 = d4 b3 dj } -1 (—100) 130

The back substitution defined by Egs. (3-21) and (3-22), give the four temperatures as

d;'s: %

((ro_da_ =130 _
To=,= -, =130
. _93-c3Ta _ —100 — (1)(130) _
Tis: B
j's: _— dp —coTy  —-70 —~ (1)(230) _ 300
? b2 B -1 -
_dy— 3Ty 40 — (1)(300) _
\T3="—, = =) = 340
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/-5 lterative Methods (1)

B When the number of equations is very large, the coefficient matrix is sparse
but not banded and the computer storage is critical, an iterative method is
preferred to the direct method of solution.

m If the iterative process is convergent, the solution is obtained within a
specified accuracy of the exact answer in a finite but not predeterminable
number of operations. The method is certain to convergence for a system
having diagonal dominance.

W Iterative methods have rather simple algorithms, are easy to apply and are
not restricted for use with simple geometries and B.C.s. They are also
preferred when the number of operations in the calculations is so large that
the direct methods may prove inadequate because of the accumulation of
round-off errors.
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/-5 lterative Methods (2)

B Gauss-Seidel iteration:

(1) This is a very simple, efficient point-iterative procedure for solving
large, sparse systems of algebraic equations. Basic steps are as
follows:

(i) Solve each equation for the main diagonal unknowns.

(i) Make an initial guess for all unknowns.

(ilf) Computations begin with the use of the guessed values to
compute a first approximation for each of the main diagonal
unknowns solved successively in step (i). In each computation,
whenever possible, the most recently computed values are used
and the first-round of iterations are completed.

(iv) The value determined from the first-round of iterations and,
whenever possible, the most recently computed values are used
to complete the second-round of iterations.

(v) The procedure is continued until a specified convergence criteria
Is satisfied for all unknowns.
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/-5 Iterative Methods (3)

(2) Consider the following three equations:

a) Ti+a,TrtasTy=d; | 40
ay T +ay, TrtayTy=d) 450
a3 T +ag, TrtagsTy=d; | 45

where

a0 for i=l to 3

Equations are successively solved for the main diagonal

unknowns
T=(d;-a;,T-a)3Ts)/a),
T,=(dy-a;,T5-a,3T5)/a,,
T;=(d;-a3,T5-a3,T3)/as;

Initial guess are chosen as

T1(O) ’ Tz(o) , T3(0)
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/-5 lterative Methods (4)

(3) These guessed values are used together with the most
recently computed values to complete the first-round of

1terations as

1

(dl _ alZTZ(O) o a13T3(0))
a,

Tl(l) _

1
Tz(l) = a (dz - a21T1(1) - a23T3(0))
22

1
a3

T3(l) = (d3 — a31T1(l) - a32T2(1))
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/-5 Iterative Methods (5)

(4) These first-approximations are used together with the most
recently computed values to complete the second-round of

1terations as

ap
|

Tz(z) = —(dz o alel(z) _ a23T3(l))
a,,
1

T3(2) = a—(ds - a31T1(2) - a32T2(2))
33

The iteration procedure is continued in a similar manner.
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/-5 lterative Methods (6)

(5) A general expression for the “n+1” th-round of iterations of the
above system is written as

n+ 1 n+ n+
T3( e a—(d3 - a31T1( V- a32T2( l))
33

(6) In the general case of M equations, the “n+1” th-round of
iterations can be written as

T {d ZaUTJn+1 Zauj} for i=1 to M

j=i+l
7-32
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/-5 lterative Methods (7)

(7) The criterion for convergence can be specified either
as the absolute convergence criterion in the form

T T <

or as the relative convergence criterion in the form

‘T_(nﬂ) _1.0M)
<&

I -I-_(n+1) I

which should be satistied for all T..
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/-5 lterative Methods (8)

(8) Convergence with iterative method:

(a) The convergence with iterative method does not depend on
the initial guess for the unknowns, but it depends on the
character of the coefficient matrix.

(b) For a convergent system, a good first guess for the
unknowns significantly reduces the number of iterations for
the specified convergence criterion to be satisfied.

(c) The system of equations in which the diagonal elements are
the largest elements (in magnitude) in each row are the best
suited for iterative solution.

(d) In situations when this is not the case, equations may be
rearranged in order to bring the largest element in each row
on the diagonal, 1f possible.
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/-5 lterative Methods (9)

(e) In most heat transfer problems, the diagonal elements of the
difference equations happen to be the largest element in each
row.

(f) A sufficient condition for convergence is given by

M
EHEDY ‘aij‘ for i=12,..n
=1
i# ]
M .
orfa; > > ‘aij‘ for i=1,2,.,n foratleastone (ie., row)
=1

|

However, in practice, convergence may be obtained when this
condition is not fully met.
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/-5 lterative Methods (10)

(9) Example:

6T\ + T‘Jz + 3[3 =17

T~ 1Ty +4T3 = -7

T+ Tz + 3Tz = 12

Solution. We note that in each equation the largest clement (in magnitnde) is
in the diagonal. These equations are solved for the main-diagonal unknowns as
1

T1=¢g(7=Ta-3Ty)
1 -

Tp= 10(7"' Ty +4T3)

T3=3 (12T —Ty)

and the initial guess values are arbiwrarily chosen as
O 10 1O _
The firsi-round of ilcralions are determined as Tés) = L [7+ T(E} + 4Tg2)! =1.999
=10 :

!
TV = g7 -1 - 31 = 2.167

3 _1 3)_ 0, _
Ty =302-T - Ty")=2989

(m_ 1 M) | 4@
Ty =g T+ T + 4TS = 1317

Ay _ 1, (1)) . : . . . .
Ty =3 12-T) '~ T; 1 =2839 The values obtained with three iterations arc sufficiently close to the exact answer T =1,

The second-round of iterations become Tp=2and T3 = 3. The solution is converging fo the exact results.

2
TP = g 117187 = 3711 = 1.194
@ _1 : :
TP =7+ T2t < 10ss

2 1
TP =2 1P - 1P - 2050

and the third-round of iterations give

- é 07 - 150 - 315 = 1.032 736
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/-5 lterative Methods (11)

B Successive Over-Relaxation (SOR):
(1) The Gauss-Seidel method generally does not converge sufficiently
fast. Successive over-relaxation is a method that can accelerate the
convergence.

(2) The basic 1dea in this approach is

n+ n 1 n n n
T () = T ( ) |:a—(dl - allTl( ) - a12T2( ) - a13T3( ))}
11

-

n+ n | 1 n+ n n
T (ne1) = T La (dz _ alel( D azsz( ) — az3T3( ))J
22

T () = T ") T |: 1 (d3 o a31T1(n+1) B a32T2(n+1) B a33T3(n)):|
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/-5 lterative Methods (12)

) (n)

(3) As the exact solution 1s approached, Ti(n+1 approaches T;
and the terms inside the brackets become zero identically.
Therefore, the terms inside the square brackets can be regarded
as correction terms to Ti(”) (i=1,2,3), for each iteration.

(4) In the SOR method the bracketed terms are multiplied by a
factor m, called the relaxation parameter and the equations are

rewritten as:

(h+1) _ 1 (), @ ( (n) (n) <n>)
T1 - Tl + a dl _ a11T1 _ a12T2 _ a13T3
11

@
a22

Tz(nH) — Tzn + (dz - alel(nH) - azsz(n) - az3T3(n))

n+ n w n+ n+ n
T3( e Ts( )+ (d3 - a31T1( - a32T2( - a33T3( ))

a33
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/-5 lterative Methods (13)

(5) The values of the relaxation parameter @ must lie in the range
0< <2 over-relaxation and w=1 to Gauss-Seidel iteration.
(6) The above procedure for SOR can be generalized for the case of

M equations as
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7-5 lterative Methods (14)

B Residue

H L, norm

M

n+1y2 M
L2 . ;(Ri ) or \//Z(Rin+l)2

M

B Convergence Criterion:

L, <& g :very small number
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/-6 Example (1)

Dealing with Nonlinearity

i .

I'he momentum conservation equation for a fluid is nonlinear due to the convection term
= =

Jr-ll--"’ r‘i‘[ p]]f‘]]('ﬂ]]i"}rl',] *-..'I'If]'l Ly tl]l1"il]ll"'l‘|f"r" 'll'll":l i ]'IL"T]'I'H" E TiOoar tll"ﬂ] 111 I‘J'Ili":ll'li"‘li'1 ‘L'll"]l’l]f'lflrli'l] T -

\ ¥ ¥ Jl' L A AAVCAANVSLAAN LAWY LAV AL L L LAl AL AR LAULANE AAN A ARAEN LNA A WU AN U RN LA FE ALY A A L L 8 ALVANSFRA RN A AL

linearities. The highly nonlinear nature of the governing equations for a fluid makes it
challenging to obtain accurate numerical solutions for complex flows of practical interest.
We will demonstrate the effect of nonlinearity by setting m = 2 in our simple 1D exam-

ple (1):

du 5 _ _ o _
—4+u =0 0<z<1; u0)=1
dx
A first-order finite-difference approximation to this equation, analogous to that in (4) for
m=1,1s
; — Uj—1 5 o
—+u; =0 11
Ax ‘ (11)

. B . - N B Ly ] e - s .
This is a nonlinear algebraic equation with the u? term being the source of the nonlinearity.
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/-6 Example (2)

The strategy that 1s adopted to deal with nonlinearity is to linearize the equations about
a quess value of the solution and to iterate until the guess agrees with the solution to a
specified tolerance level. We'll illustrate this on the above example. Let u,, be the guess for
;. Define

Au; = u; — ug,
sarrangine and squaring this equation gives
Rearranging and squaring this equation give

“J

9 ; [/ 2
u; = u, + 2uyAu; + (Au;)

. / - J »
Assuming that Awu, < u,,, we can neglect the Au; term to get

2 2 90 Aay. — 2 g -
w; =~ uy + 2ug, Au; = uy, + 2ug, (u; — ug,)

o

Thus.

[ O]

¥

wy = 2, u; — U

! Qi

The finite-difference approximation (11) after linearization becomes

i; — U;—q ) 9 ¢
JA— + 2ugu; —u, =0 (12)
T ’ o
Since the error due to linearization is O(Aw*), it tends to zero as u, — u.
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/-6 Example (3)

In order to calculate the finite-difference approximation (12), we need guess values u, at
the grid points. We start with an initial guess value in the first iteration. For each subsequent
iteration, the u value obtained in the previous iteration is used as the guess value.

Iteration 1: u!" = Initial guess

g .
Iteration 2: H.Ef-‘ = uV
Iteration I:  ul) = -1
' ‘? 1 1 1 T - R N .
The superscript indicates the iteration level. We continue the iterations until they converge.

We'll defer the discussion on how to evaluate convergence until a little later.

This 1s essentially the process used i CFD codes to linearize the nonlinear terms in the
conservations equations, with the details varying depending on the code. The important
points to remember are that the linearization is performed about a guess and that 1t 1s
necessary to iterate through successive approximations until the iterations converge.
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/-6 Example (4)

Direct and Iterative Solvers

We saw that we need to perform iterations to deal with the nonlinear terms in the governing
equations. We next discuss another factor that makes it necessary to carry out iterations in
practical CFD problems.

Verify that the discrete equation system resulting from the finite-difference approxima-
tion (12) on our four-point grid is

! 0 0 0 TTw1 [ 1 7
—1 14+ 2Az uy, 0 0 uy || Azul (13)
0 —1 1+ 2Az uy, 0 ug | | Azul, '

| 0 0 -1 1428z, | [ ua | | Az, |

In a practical problem, one would usually have thousands to millions of grid points or cells
so that each dimension of the above matrix would be of the order of a million (with most of
the elements being zeros). Inverting such a matrix directly would take a prohibitively large
amount of memory. So instead, the matrix is inverted using an iterative scheme as discussed
below.

7-44

Computer-Aided Analysis on Energy and Thermofluid Sciences Chapter 7: Methods of Solving Sets of

Y.C. Shih Fall 2011 Algebraic Equations



/-6 Example (5)

Rearrange the finite-difference approximation (12) at grid point 2 so that wu; 1s expressed
in terms of the values at the neighboring grid points and the guess values:
-1 + Aru
1+ 2Azu,,

U; =

If a neighboring value at the current iteration level is not available, we use the guess value
for it. Let’s say that we sweep from right to left on our grid i.e. we update u,, then u; and
th

and

finally u, in each iteration. In the m o
il

&

. . n . . . .
iteration, u,_, 1s not available while updating
so we use the guess value uy’ for it instead:
uld 4+ Az u®’
(f) i—1 — Ji (-
u; | = ——— = (14)
14+ 2Axug/
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/-6 Example (6)

Since we are using the guess values at neighboring points, we are effectively obtaining only
an approximate solution for the matrix inversion in (13) during each iteration but in the
process have greatly reduced the memory required for the inversion. This tradeoft 1s good
strategv since it doesn’t make sense to expend a great deal of resources to do an exact matrix
inversion when the matrix elements depend on guess values which are continuously being
refined. In an act of cleverness, we have combined the iteration to handle nonlinear terms
with the iteration for matrix inversion into a single iteration process. Most mmportantly, as
the iterations converge and u, — wu, the approximate solution for the matrix mversion tends
towards the exact solution for the inversion since the error introduced by using u, mstead
of u in (14) also tends to zero.
Thus, iteration serves two purposes:

~

™ 1T
A B LAL

It

——

T n'l‘n..'ii Wl wmrt
L § L&

offirient mat 1 1
Lir 1 'S wl LIAVSLL ¥V 4

-tl e 'I'.r'l. ] i
i 7 AN AL ALLLN

JI.. Lt AVF WW i J}. LoLid

2. It 1s necessary to solve nonlinear equations.

In steadv problems, a common and effective strategy used in CFD codes is to solve the
unsteady form of the governing equations and “march” the solution m time until the solution
converges to a steady value. In this case, each time step is effectively an iteration, with the
the guess value at any tume level being given by the solution at the previous time level.

7-46

Computer-Aided Analysis on Energy and Thermofluid Sciences Chapter 7: Methods of Solving Sets of

Y.C. Shih Fall 2011 Algebraic Equations




/-6 Example (7)

Iterative Convergence

Recall that as u, — wu, the linearization and matrix inversion errors tends to zero. So we
continue the iteration process until some selected measure of the difference between v? and
u, refered to as the residual, 1s “small enough”. We could, for instance, define the residual
R as the RMS value of the difference between v and u, on the grid:

N

: 2
z (w; — ug, )

R = 1=]
N

It’s useful to scale this residual with the average value of u in the domain. An unscaled
residual of, say, 0.01 would be relatively small if the average value of v in the domain 1s 5000
but would be relatively large if the average value 1s 0.1. Scaling ensures that the residual is
a relative rather than an absolute measure. Scaling the above residual by dividing by the
average value of u gives

N N
Z (u; — uy, )2 . .\"Z (u; — uy,)
_ i=1 "l o i=
R = N N 5 (15)
3 >
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/-6 Example (8)

For the nonlinear 1D example, we’'ll take the mitial guess at all grid points to be equal
to the value at the left boundary i.e. -u._glf‘ = 1. In each iteration, we update u,, sweep
from right to left on the grid updating, in turn, wuy, us and us using (14) and calculate
the residual using (15). We'll terminate the iterations when the residual falls below 1077
(which is referred to as the convergence criterion). Take a few minutes to implement this
procedure in MATLAB which will help you gain some familiarity with the mechanics of the
implementation. The variation of the residual with iterations obtained from MATLAB is
shown below. Note that logarithmic scale is used for the ordinate. The iterative process
converges to a level smaller than 10™Y in just 6 iterations. In more complex problems, a lot
more Iiterations would be necessary for achieving convergence.

Residual

1 > 3 A 5 5
lteration number 7-48
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/-6 Example (9)

The solution after 2.4 and 6 iterations and the exact solution are shown below. It can
easily be verified that the exact solution is given by
1
z+1

Ueract =

The solutions for iterations 4 and 6 are indistinguishable on the graph. This is another
indication that the solution has converged. The converged solution doesn’t agree well with
the exact solution because we are using a coarse grid for which the truncation error is
relatively large. The iterative convergence error, which is of order 107, is swamped out
by the truncation error of order 107!, So driving the residual down to 10~° when the
truncation error is of order 107! is a waste of computing resources. In a good calculation,
both errors would be of comparable level and less than a tolerance level chosen by the user.
The agreement between the numerical and exact solutions should get much better on refining
the grid as was the case for m = 1.

Y.C. Shih Fall 2011

1R
o |teration 2
. o |teration 4
0.9 R = = = [teration 6 |4
. Exact
0.8
=} ~ -~
0.7 N
~ ¢
. .
0.6 S
~ ~
0.5 T -
0 0.2 0.4 0.6 0.8 1 7-49

Computer-Aided Analysis on Energy and Thermofluid Sciences

Chapter 7: Methods of Solving Sets of

Algebraic Equations




7-6 Example (10)

Some points to note:

1. Different codes use slightly different definitions for the residual. Read the documenta-
tion to understand how the residual 1s calculated.

2. In the FLUENT code, residuals are reported for each conservation equation. A discrete
conservation equation at any cell can be written in the form LHS = 0. For any iteration,
if one uses the current solution to compute the LHS, it won't be exactly equal to
zero, with the deviation from zero being a mesaure of how far one 1s from achieving
convergence. So FLUEN'T calculates the residual as the (scaled) mean of the absolute
alue of the LHS over all cells.

3. The convergence criterion you choose for each conservation equation is problem- and
code-dependent. It’s a good idea to start with the default values in the code. One may
then have to tweak these values.
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