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3-1 Introduction (1)

Objectives

m Understand how the differential equations of
mass and momentum conservation are derived.

m Calculate the stream function and pressure
field, and plot streamlines for a known velocity
field.

m Obtain analytical solutions of the equations of
motion for simple flows.
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3-1 Introduction (2)

m Recall
B Control volume (CV) versions of the laws of conservation of mass and

energy
B CV version of the conservation of momentum

m CV, orintegral, forms of equations are useful for determining
overall effects

B However, we cannot obtain detailed knowledge about the flow
field inside the CV = motivation for differential analysis

pontrol volume Flow domain
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3-1 Introduction (3)

B Example: incompressible Navier-Stokes equations

V-V =0

8.‘7’- — — — =
P Ip(V—V)V:—Ver,quVerg
m We will learn:

B Physical meaning of each term
B How to derive

B How to solve
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3-1 Introduction (4)

m For example, how to solve?
Step Analytical Fluid Dynamics Computational Fluid Dynamics

1 | Setup Problem and geometry, identify all dimensions and parameters

2 | List all assumptions, approximations, simplifications, boundary

conditions
3 | Simplify PDE’s Build grid / discretize PDE’s
4 | Integrate equations Solve algebraic system of

e
5 | Apply I.C.’s and B.C.’s to solve qu?;'ons'm“d'”g C.’sand

for constants of integration
6 | Verify and plot results Verify and plot results
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3-2 Conservation of Mass (1)

m Recall CV form from Reynolds Transport
Theorem (RTT)

ozfcv%dv+/csp(x7-ﬁ) dA

m\\Ve’ll examine two methods to derive
differential form of conservation of mass

B Divergence (Gauss’s) Theorem
B Differential CV and Taylor series expansions

3-5
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3-2 Conservation of Mass (2)

Divergence Theorem

m Divergence theorem allows us to transform a
volume integral of the divergence of a vector
Into an area integral over the surface that
defines the volume.

/v.édv:j{é.m
Y A
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3-2 Conservation of Mass (3)

Divergence Theorem

B Rewrite conservation of momentum

/8pdv+j§ V. n) dA = 0

m Using divergence theorem, replace area integral with
volume integral and collect terms

/apdV+/V-pT7dV:0 — [[%+v-(pﬁﬂ dy =0

vV d

B Integral holds for ANY CV, therefore:

—+V-(p17):0
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3-2 Conservation of Mass (4)

Differential CV and Taylor series

B First, define an infinitesimal
control volume dx x dy x dz

m Next, we approximate the :
. | L‘ i
mass flow rate into or out of : -
: —---p0 —
each of the 6 faces using i
Taylor series expansions / -
around the center point, e.g., / o o

at the right face - ‘

Ignore terms higher than order dx

O(pu)dr 1 0% (p dz '’
(pu)center of right face — pu T ox 2 2! 2 2 T '38
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- T (Pw—a(ﬂv)iz) dx dy
Infinitesimal control volume l P dz 2

|
of dimensions dx, dy, dz | = : ] Area of right
| ~°
. face = dy dz
pu) d o /
pu X . 1
(o204 Yo —pom S (s 20 )
| dx 2
/' _____________ \ y
- ~~
o o
oW+ a(pw)iz I dy/f/ 9 dz /
oz 2 dx ‘ Mass flow rate through

the right face of the
, control volume
(pv - _B(pv) dl) dx dz
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3-2 Conservation of Mass (6)

Differential CV and Taylor series

m Now, sum up the mass flow rates into and out of the 6
faces of the CV

Net mass flow rate into CV:

- 0 (pu) dz _ O0(pv) dy _ O(pw) dx
;mw(pu o Q)dydz—I—(pfv 9y 2 drdz + | pw 5, 9 dx dy

Net mass flow rate out of CV:

Zmﬁ:ﬁ (p’zH— 9(pu) d;) dy dz + (pv—l—a(pv)%) dr dz + (pw+a(pw) d;) dx dy

Ox oy 0z

SR .
oul N i N - N

m Plug into integral conservation of mass equation

0 . :
Cva—de:Zm—Zm -
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3-2 Conservation of Mass (7)

Differential CV and Taylor series

m After substitution,

Op _ O(pu) d(pv) O(pw)
Fn drdydz = — 5 drdydz — 5 drdydz — 5 dz dy dz
m Dividing through by volume dxdydz

Op , Olpu) , O(pv) | O(pw) _

o Oxr = Ox = Ox

Or, if we apply the definition of the divergence of a vector

%%—6- (pﬁ) = 0 "
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3-2 Conservation of Mass (8)

Alternative form

m Use product rule on divergence term

R 5 9 - ~

8 P = — \ =
L4V (pV) =L+ V Vo4 vV =0
. : ’

ot . ...N../ ot
_ /Y
vV =0
Dt r
1 Dp -
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3-2 Conservation of Mass (9)

Cylindrical coordinates

B There are many problems which are simpler to solve if the
equations are written in cylindrical-polar coordinates

B Easiest way to convert from Cartesian is to use vector form
and definition of divergence operator in cylindrical coordinates

3-13
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3-2 Conservation of Mass (11)

Special Cases

m Steady compressible flow

O(pu) | O(pv)  9O(pw)

Cartesian 8.’17 | 8.’17 | 8.’17 =0
- Op 10(rpU;) 10(pUp)  9(pU;) _
Cylindrical Py + - or + Y, + 9z =0 3-15
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3-2 Conservation of Mass (12)

Special Cases

B Incompressible flow
Op

— = 0 and p = constant

ot

— —

V-V =0

ou Ov Ow

Cartesian 837 | 851? | 82? =0
Cylindrical l 8(TUT) | l 8((]9) | 8(Uz) =0
r Or r 00 0z e
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3-3 Conservation of Linear Momentum (1)

m Recall for a CV

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

W CV ) %dO8inne 4 JCOV ot\ S e N
Body Surface’,
Force Force -

Gjj = stress tensor

B Using the divergence theorem to convert area
Integrals -

/ O'@JﬁdA: VO'ZJdV
(O] cv

/C (o) veiaa= [ v (p07) avs
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3-3 Conservation of Linear Momentum (2)

B Substituting volume integrals gives,
8 ¥ 7Y/ = _
/CV [&( V) e (pvv) —pg—V-Gij] dy =0

B Recognizing that this holds for any CV, the
Integral may be dropped

%( V) + - (bVV) =g+ V-0,

This Is Cauchy’s Equation

3-18
Can also be derived using infinitesimal CV and Newton’s 2nd Law
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3-3 Conservation of Linear Momentum (3)

m Alternate form of the Cauchy Equation can be
derived by introducing

0 (piﬁ) oV %,
_ _+17_p Chain Rul
ot P ot ot (Chain Rule)

v-(pf/’ﬁ) :ﬁv-(p?)+p(ﬁ-v)ﬁ

| Inserting these into Cauchy Equation and rearranging

gives
oV L
DV
pﬁ — p§+ V- T4 3-19
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3-3 Conservation of Linear Momentum (4)

m Unfortunately, this equation iIs not very useful

B 10 unknowns
e Stress tensor, o : 6 Independent components
¢ Density p
¢ Velocity, V : 3 independent components

B 4 equations (continuity + momentum)
B 6 more equations required to close problem!

3-20
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3-4 Navier-Stokes Equation (1)

m First step Is to separate oj; Into pressure and
VISCOUS Stresses

(Gxx O-xy Oy | (- P 0 0 ) Txx z-xy Txz \
Oij=|0yx Oy Oy|=| 0 —-p 0 |+|7, 7,y 7
Kazx O Ogxz) \ 0 0 -p/ \\ Tox Ty Ty)
Viscous ;D/eviatoric) B
W Situation not yet improved Stress Tensor

B 6 unknowns in g; = 6 unknownsin z; + 1in P,

which means that we’ve added 1! ’

3-21
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3-4 Navier-Stokes Equation (2)

Bingham . :
ustic B Reduction In the

(toothpaste) number of variables is
Shear achieved by relating

i Shear stress

thinnin .
ey pain) shear stress to strain-
hewionan rate tensor.
Shear m For Newtonian fluid
thickening . :
(quicksand) with constant properties
Shear strain rate _ )
Tij — 2 HEs

Newtonian fluid includes most common

) : : Newtonian closure is anal
fluids: air, other gases, water, gasoline ewtonian closure is analogous

to Hooke’s Law for elastic solids

3-22

Computer-Aided Analysis on Energy and Thermofluid Sciences Chapter 3 Differential Analysis of Fluid Flow
Y.C. Shih Fall 2011




3-4 Navier-Stokes Equation (3)

m Substituting Newtonian closure into stress
tensor gives

Oij = POij + 21€;

B Using the definition of &;
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3-4 Navier-Stokes Equation (4)

B Substituting o;; Into Cauchy’s equation gives the
Navier-Stokes equations

- _ s 277
P Dt Vp+pg+pveV Incompressible NSE

— written in vector form
V- V=0

B This results in a closed system of equations!

B 4 equations (continuity and momentum equations)
B 4 unknowns (U, V, W, p)

3-24
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Continuity

X-momentum

oU oU

P ( ot TV T
Y-momentum

oV oV

( ot TVor ™t

Z-momentum
oW oW
( ot TV T

ou oV oW

oz "oy T 0z

=0

oU 8U)_ oP

+Vo-+W __+P9m+#(
ox

otv 02U 90U 0*U
oy 0z

0x? T Oy? +@

oV 8V) oP

LV AW _9
5 +pgy+u(

ov 5 2 VARN; 28 VRN, A V4
oy 0z

Ox? i Oy? +W

LW OWN P (W W
oy 0z 5z PIETHA g Oy? 022
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uation (6)

Tensor and Vector notation offer a more compact form of the equations.

Continuity
Tensor notation Vector notation
oU, ~
- =0 V-V=0
8337;
Conservation of Momentum
Tensor notation Vector notation

f /—
Repeated indices are summed over |
X=X X =y, X3=2, U, =U,U,=V,U; =W)

3-26
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3-5 Differential Analysis of Fluid Flow Problems (1)

m Now that we have a set of governing partial
differential equations, there are 2 problems
we can solve

1. Calculate pressure (P) for a known velocity field

2. Calculate velocity (U, V, W) and pressure (P) for
known geometry, boundary conditions (BC), and
Initial conditions (I1C)

3-27
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3-5 Differential Analysis of Fluid Flow Problems (2)

Exact Solutions of the NSE

B Solutions can also be

B There are about 80

known exact solutions classified by type or
to the NSE geometry
o 1. Couette shear flows
B The can be classified as: 2. Steady duct/pipe flows
B |inear solutions where 3. Unsteady duct/pipe flows
the convective 4. Flows with moving
term is zero boundaries

o1

Similarity solutions
Asymptotic suction flows
7. Wind-driven Ekman flows

m (I?-V) - solutions
wnere convective term
IS not zero

o

3-28
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3-5D |fferent|al Analysis of Fluid Flow Problems (3)

FvAq tS!I nne nf the NIRF

L /\CA Viiv Uil Lllu 1 \JI—

Procedure for solving continuity and NSE

1.Set up the problem and geometry, identifying all
relevant dimensions and parameters

2.List all appropriate assumptions, approximations,
simplifications, and boundary conditions

3.Simplify the differential equations as much as
possible

4.Integrate the equations
5.Apply BC to solve for constants of integration
6.Verify results

3-29
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3-5 Differential Analysis of Fluid Flow Problems (4)

No-slip boundary condition

| For a fluid in contact
with a solid wall, the

Cylinder

Oil film
Ve Vo —0i 1 0;  VElOCIty OF the fluid
4 must equal that of the
wall

—

Vitwid = Vwall

Magnifying
glass
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3-5 Differential Analysis of Fluid Flow Problems (5)

Interface boundary condition

B \When two fluids meet at an
Interface, the velocity and
shear stress must be the

Fuiap == same on both sides
;_'1} - I_;']3. - :_ T_S_’ B_ _|I — —
s ,"."f-'-'-" S s vy Va=Vp Ts,A — Ts,B
" A L---J

Fluid A m If surface tension effects are
mAa~nli~nslhlA AnnvA #lhA ArivrFAA~AA 1A
IICQIIUIUIC allu LU iIc suliadce 1o
nearly flat

P4, = Pg
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3-5 Differential Analysis of Fluid Flow Problems (6)

Interface boundary condition

B Degenerate case of the interface BC occurs at the free surface
of a liquid.

B Same conditions hold

Ugir — Uywater

(811,) (&u,)
Ts,water — MHwater \ — Ts,air — MHair \ 5
' 8y water ay air

W Since Hair << Hwater

(8_’&) ~ ()
ay water

B As with general interfaces, if surface
tension effects are negligible and the
surface is nearly flat P, .., = P,

Fluid B—air

water
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3-6 Example exact solution (1)

Fully Developed Couette Flow

m For the given geometry and BC’s, calculate the velocity and
pressure fields, and estimate the shear force per unit area
acting on the bottom plate

m Step 1. Geometry, dimensions, and properties

Lf
_—
1 Moving plate
h Fluid: p.,

v Fixed plate | ¥

3-33
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3-6 Example exact solution (2)

Fully Developed Couette Flow

B Step 2. Assumptions and BC’s

B Assumptions
Plates are infinite in x and z
Flow is steady, o/ot =0
Parallel flow, V=0
Incompressible, Newtonian, laminar, constant properties
No pressure gradient
2D, W=0, 0/0z=0
Gravity acts in the -z direction, § = —gk,g. = —g
B Boundary conditions
1. Bottom plate (y=0) : u=0, v=0, w=0
2. Top plate (y=h) : u=V, v=0, w=0

N o ok wh e
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3-6 Example exact solution (3)

Fully Developed Couette Flow

Note: these numbers refer
. Step 3 Slmpl IW to the assumptions on the
previous slide
Continuity 8U 8/ 8W _
T By 6
oU — 0 This means the flow is “fully developed”
Or T or not changing in the direction of flow
X-momentum
2 Cont. Con 6
ot 0~ 8 U 0>
( +UZ/+V%/+W%£,) %Z/Jrﬂ(ﬂy Zz)
8332 =0 3-35
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3-6 Example exact solution (4)

Fully Developed Couette Flow

m Step 3: Simplify, cont.

Y-momentum

2,3 3,6 3| [3 3
oy 9} 0 GZ') B y Yy
8t+Um+V8y+W8z B /{+”(ﬂaz2 Sy? /522)

Op = p(2)

T g >|p=
Ay

Z-momentum

2,6 6 6 6
(%%fw,zy O, W  29)

9 P9, > | — = —pg 3-36
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3-6 Example exact solution (5)

Fully Developed Couette Flow

m Step 4: Integrate

X-momentum

d2 Uu integrate d'U; integrate

Ci—>

7 =" iy~ u(y) = Cry + Co

Z-momentum

dp integrate
¥ ——pg = [p = —pgz + Ca
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3-6 Example exact solution (6)

Fully Developed Couette Flow

m Step 5. Apply BC’s
m y=0,u=0=C,(0)+C, = C,=0

m y=h,u=V=C,h_= C,=V/h v
B This gives ‘ E—
’Uﬂ(y) — Vrg | HV% y
A7 |

X

B For pressure, no explicit BC, therefore C; can remain an
arbitrary constant (recall only VP appears in NSE).
® Letp=pyatz=0(C,renamed p,)

3-38
1. Hydrostatic pressure
2. Pressure acts independently of flow

P(Z) — Po — PGz
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3-6 Example exact solution (7)

Fully Developed Couette Flow

m Step 6: Verify solution by back-substituting into
differential equations
B Given the solution (u,v,w)=(Vy/h, 0, 0)

ou ov ow
a—m—O,a—y—O,a—z—O

B Continuity Is satisfied

0+0+0=0
B X-momentum is satisfied
oU ouU ou oU OP 0°U  0°U 0°U
p(E+Ua_x+V@+WE):_a_a:+pg“”+“(aa:2+8y2+az2>
p(O—i—V%-O—i—O-V/h—i—O-O):—0+p-0—|—u(0+0—|—0)
0=20 3-39
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3-6 Example exact solution (8)

Fully Developed Couette Flow

m Finally, calculate shear force on bottom plate

U U | 8V U | W
2155 #(a—y+%) n (% + %) 0 u¥ 0
_ oV | 8U A% oV | W _ 1%
Tij = M(%‘l‘a—y) Qﬂa—y ﬂ(aeray) =\ 4% 00
oW | U oW | 9V oW O 0 0
n (% + 52) ﬂ(a—era) 2152
>, p Shear force per unit area acting on the wall
y . T}J‘ 1 —
— F V-
[ | T Tw T R
L
u(y) L a1

f = > Note that t,, is equal and opposite to the
— shear stress acting on the fluid t,,
(Newton’s third law). 3-40
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3.7

A B
Rate of change of ~_ Net rate of internal and kinetic
internal and kinetic energy transport by convection
energy of element
C D
Net rate of heat — Net rate of work done by
addition by conduction element on surroundin gs

3-41
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3.7 Conservation of Energy (2)

e Continuum
e Newtonian

e Negligible nuclear, electromagnetic and radiation energy

(1) A = Rate of change of internal and kinetic energy of
element

A= {ft[p (G+V 2 2)]dxdydz (A-1)

3-42
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3.7 Conservation of Energy (3)

(2) B = Net rate of internal and kinetic energy by convection

B=- {V . {(G +V?/2) p\7J }dxdydz (A-2)

(3) C = Net rate of heat addition by conduction

e Conduction at each surface depends on temperature
gradient
o Apply Fourier’s law

C=—(V.q")dxdydz (A-3)
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3.7 Conservation of Energy (4)

(4) D = Net rate of work done by the element on the
surroundings

Rate of work=force x velocity

TL_, o.. + ag’”‘ dx

Fig. 2.6 3-44
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3.7 Conservation of Energy (5)

e 18 surface forces (Fig. 2.6)
e 3 body forces (gravity)
e Total 21 forces at 21 velocities

aay(UTyX +VOoy +W7Ty; )+ ;Z(UTZX +V Ty + Wazz)}dxdydz

Substitute (A-1), (A-2), (A-3) and (A-7) into (2.14) "7
o) o3
-V-q"+ p(\7-g)+|:aa)((uaxx +VTxy FWTyy )+
aay(UTyx +V0'yy+WTyZ)+aaZ(UTZX +VTZy+WO'ZZ):| (A-8) 3-45
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3.7 Conservation of Energy (6)

Simplify using:
Fourier’s law
Continuity equation
Momentum equations
Constitutive equations

e Thermodynamic relations for Giand h

PCp I?;I:=V-kVT+,BT E?+,u¢ (2.15)
where
B = COfffgCient of thermal expansion (compressibility)
__ | 9P
B = p[aT]p (2.16)

3-46

@ = dissipation function (energy due to friction)
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3.7 Conservation of Energy (7)

A N2 2 2
D=2 (Gu) + v +(6W) +
OX oy 0z

ou v\ (v ow) (aw au)2
+ +| —+ +| T+ -
6y OX oz oy OX 01

2(ou av aw 2.17)
6x ay 0z |

e @ is Important in high speed flow and for very viscous
fluids
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3.7 Conservation of Energy (8)

Simplified Form of the Energy Equation
- JJ 1

-l WS

(1) Incompressible fluid

and

DT
C,— =V - kVT +u® (2.18)
Plp Dt H
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3.7 Conservation of Energy (9)

Simplified Form of the Energy Equation
r- JJ 1

-l WS

(i) Incompressible constant conductivity fluid

oT oT aT  oT 8°T 8°T 8°T
PCp E+ua—x+va—y+w5 =k62+62+62 + u®
X y ‘ (2.19b)

or

(6T 8T oT 8T\ . [8°T &%T &°T
pcPL +W—J=k +

_|_
2 2 2 }
oX~ oy 0z (2.19b)
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3.7 Conservation of Energy (10)

Simplified Form of the Energy Equation

(i11) Ideal gas
P
= 2.20
PoRT 229
8,0) 1 p 1
(2.20) into (2.16) B = ( oT ), pRTZ T
DT Dp
2.21) into (2.15 Ch— =V-kVT +—+ @ (2.22)
(221)into (2.15) P P Dy Dt H
Using continuig_(F.ZC) and (2.20) [[))/t) + pV -V =0 (2.2¢)
poy o= V-kVT - pV-V + u®@ (2.23)
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