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3-1 Introduction (1)
ObjectivesObjectives

Understand how the differential equations ofUnderstand how the differential equations of 
mass and momentum conservation are derived.
C l l t th t f ti dCalculate the stream function and pressure 
field, and plot streamlines for a known velocity 
field.
Obtain analytical solutions of the equations ofObtain analytical solutions of the equations of 
motion for simple flows.
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3-1 Introduction (2)

Recall
C t l l (CV) i f th l f ti f dControl volume (CV) versions of the laws of conservation of mass and 
energy
CV version of the conservation of momentum

CV, or integral, forms of equations are useful for determining 
overall effects
However we cannot obtain detailed knowledge about the flowHowever, we cannot obtain detailed knowledge about the flow 
field inside the CV ⇒ motivation for differential analysis
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3-1 Introduction (3)

Example:  incompressible Navier-Stokes equationsp p q

We will learn:
Physical meaning of each term
How to derive
How to solve
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3-1 Introduction (4)

For example, how to solve?For example, how to solve?
Step Analytical Fluid Dynamics Computational Fluid Dynamics

1 Setup Problem and geometry, identify all dimensions and parameters

2 List all assumptions approximations simplifications boundary2 List all assumptions, approximations, simplifications, boundary 
conditions

3 Simplify PDE’s Build grid / discretize PDE’s

4 Integrate equations Solve algebraic system of 
equations including I.C.’s and 
B C’s5 Apply I.C.’s and B.C.’s to solve B.C spp y

for constants of integration
6 Verify and plot results Verify and plot results

3 4

Chapter 3 Differential Analysis of Fluid Flow5Computer-Aided Analysis on Energy and  Thermofluid Sciences
Y.C. Shih   Fall 2011

3-4



3-2 Conservation of Mass (1)

Recall CV form from Reynolds TransportRecall CV form from Reynolds Transport 
Theorem (RTT)

We’ll examine two methods to derive 
differential form of conservation of massdifferential form of conservation of mass

Divergence (Gauss’s) Theorem
Differential CV and Taylor series expansions
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3-2 Conservation of Mass (2)
Divergence TheoremDivergence Theorem

Divergence theorem allows us to transform aDivergence theorem allows us to transform a 
volume integral of the divergence of a vector 
into an area integral over the surface thatinto an area integral over the surface that 
defines the volume.
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3-2 Conservation of Mass (3)
Divergence TheoremDivergence Theorem

Rewrite conservation of momentum

Using divergence theorem, replace area integral with 
l i t l d ll t tvolume integral and collect terms

Integral holds for ANY CV, therefore:Integral holds for ANY CV, therefore:
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3-2 Conservation of Mass (4)
Differential CV and Taylor seriesDifferential CV and Taylor series

First, define an infinitesimal 
control volume dx x dy x dz
Next, we approximate the 
mass flow rate into or out of 
each of the 6 faces  using 
Taylor series expansionsTaylor series expansions 
around the center point, e.g., 
at the right faceg

Ignore terms higher than order dxIgnore terms higher than order dx
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3-2 Conservation of Mass (5)
Differential CV and Taylor seriesDifferential CV and Taylor series

Infinitesimal control volumeInfinitesimal control volume
of dimensions dx, dy, dz Area of right

face = dy dz

Mass flow rate throughMass flow rate through
the right face of the 
control volume
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3-2 Conservation of Mass (6)
Differential CV and Taylor seriesDifferential CV and Taylor series

Now, sum up the mass flow rates into and out of the 6 , p
faces of the CV

Net mass flow rate into CV:

N t fl t t f CVNet mass flow rate out of CV:

Plug into integral conservation of mass equationPlug into integral conservation of mass equation
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3-2 Conservation of Mass (7)
Differential CV and Taylor seriesDifferential CV and Taylor series

After substitution,After substitution,

Dividing through by volume dxdydzDividing through by volume dxdydz

Or, if we apply the definition of the divergence of a vectorOr, if we apply the definition of the divergence of a vector
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3-2 Conservation of Mass (8)
Alternative formAlternative form

Use product rule on divergence termUse product rule on divergence term
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3-2 Conservation of Mass (9)
Cylindrical coordinatesCylindrical coordinates

There are many problems which are simpler to solve if the 
i i i li d i l l diequations are written in cylindrical-polar coordinates

Easiest way to convert from Cartesian is to use vector form 
and definition of divergence operator in cylindrical coordinatesand definition of divergence operator in cylindrical coordinates
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3-2 Conservation of Mass (10)
Cylindrical coordinatesCylindrical coordinates
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3-2 Conservation of Mass (11)
Special CasesSpecial Cases

Steady compressible flowSteady compressible flow

Cartesian

Cylindrical
3-15

Chapter 3 Differential Analysis of Fluid Flow16Computer-Aided Analysis on Energy and  Thermofluid Sciences
Y.C. Shih   Fall 2011

3 15



3-2 Conservation of Mass (12)
Special CasesSpecial Cases

Incompressible flowIncompressible flow

and ρ = constant 

Cartesian

Cylindrical
3-16
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3-3 Conservation of Linear Momentum (1)

Recall for a CV

Body 
Force

Surface 
Force

Using the divergence theorem to convert area 
σij = stress tensor

g g
integrals
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3-3 Conservation of Linear Momentum (2)

Substituting volume integrals gives,Substituting volume integrals gives,

Recognizing that this holds for any CV theRecognizing that this holds for any CV, the 
integral may be dropped

This is Cauchy’s Equation
3-18
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3-3 Conservation of Linear Momentum (3)

Alternate form of the Cauchy Equation can be y q
derived by introducing

(Chain Rule)

Inserting these into Cauchy Equation and rearranging 
gives
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3-3 Conservation of Linear Momentum (4)

Unfortunately, this equation is not very usefulUnfortunately, this equation is not very useful
10 unknowns

Stress tensor σ : 6 independent componentsStress tensor, σij : 6 independent components
Density ρ
V l it V 3 i d d t tVelocity, V : 3 independent components

4 equations (continuity + momentum)
6 more equations required to close problem!

3-20

Chapter 3 Differential Analysis of Fluid Flow21Computer-Aided Analysis on Energy and  Thermofluid Sciences
Y.C. Shih   Fall 2011

3 20



3-4 Navier-Stokes Equation (1)

First step is to separate σij into pressure and p p ij p
viscous stresses

σ σ σ⎛ ⎞ p 0 0⎛ ⎞ τ τ τ⎛ ⎞

σ ij =
σ xx σ xy σ xz

σ yx σ yy σ yz

⎛ 
⎜ 
⎜ 
⎜ 

⎞ 
⎟ 
⎟ 
⎟ 

=
−p 0 0
0 −p 0

⎛ 
⎜ 
⎜ ⎜ 

⎞ 
⎟ 
⎟ ⎟ 
+

τ xx τ xy τ xz

τ yx τ yy τ yz

⎛ 
⎜ 
⎜ 
⎜ 

⎞
⎟
⎟
⎟σ zx σ zy σ zz⎝ 

⎜ 
⎠ 
⎟ 0 0 −p⎝ 

⎜ ⎜ 
⎠ 
⎟ ⎟ τ zx τ zy τ zz⎝ 

⎜ 
⎠
⎟

Situation not yet improved
6 unknowns in σ ⇒ 6 unknowns in τ + 1 in P

Viscous (Deviatoric) 
Stress Tensor

6 unknowns in σij ⇒ 6 unknowns in τij + 1 in P, 
which means that we’ve added 1!
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3-4 Navier-Stokes Equation (2)

Reduction in the 
(toothpaste) number of variables is 

achieved by relating 
(paint)

y g
shear stress to strain-
rate tensor.

(quicksand)

For Newtonian fluid 
with constant properties(quicksand) with constant properties

Newtonian fluid includes most common
fluids: air other gases water gasoline Newtonian closure is analogous 3-22
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3-4 Navier-Stokes Equation (3)

Substituting Newtonian closure into stressSubstituting Newtonian closure into stress 
tensor gives

Using the definition of εij
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3-4 Navier-Stokes Equation (4)

Substituting σij into Cauchy’s equation gives the g ij y q g
Navier-Stokes equations 

Incompressible NSE
written in vector formwritten in vector form

This results in a closed system of equations!
4 equations (continuity and momentum equations)q ( y q )
4 unknowns (U, V, W, p)
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3-4 Navier-Stokes Equation (5)
Cartesian CoordinatesCartesian Coordinates

Continuityy

X tX-momentum

Y-momentum

Z-momentum
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3-4 Navier-Stokes Equation (6)
Tensor and Vector NotationTensor and Vector Notation

Tensor and Vector notation offer a more compact form of the equations. 

Continuity
Vector notationTensor notation Vector notation

Conservation of Momentum
Tensor notation Vector notation

Repeated indices are summed over j 
( U U U V U W) 3-26
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3-5 Differential Analysis of Fluid Flow Problems (1)

Now that we have a set of governing partialNow that we have a set of governing partial 
differential equations, there are 2 problems 
we can solvewe can solve

1. Calculate pressure (P) for a known velocity field  
2. Calculate velocity (U, V, W) and pressure (P) for 

known geometry, boundary conditions (BC), and 
initial conditions (IC)
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3-5 Differential Analysis of Fluid Flow Problems (2)
Exact Solutions of the NSEExact Solutions of the NSE

Solutions can also be There are about 80 
classified by type or 
geometry
1 C h fl

known exact solutions 
to the NSE

1. Couette shear flows
2. Steady duct/pipe flows
3 Unsteady duct/pipe flows

The can be classified as:
Linear solutions where 3. Unsteady duct/pipe flows

4. Flows with moving 
boundaries

Linear solutions where 
the convective      

term is zero
5. Similarity solutions
6. Asymptotic suction flows
7 Wind driven Ekman flows

Nonlinear solutions 
where convective term 

7. Wind-driven Ekman flowsis not zero
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3-5 Differential Analysis of Fluid Flow Problems (3) 
Exact Solutions of the NSEExact Solutions of the NSE

Procedure for solving continuity and NSE

1.Set up the problem and geometry, identifying all 
relevant dimensions and parametersrelevant dimensions and parameters

2.List all appropriate assumptions, approximations, 
simplifications and boundary conditionssimplifications, and boundary conditions

3.Simplify the differential equations as much as 
possiblepossible

4.Integrate the equations
5 A l BC t l f t t f i t ti5.Apply BC to solve for constants of integration
6.Verify results
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3-5 Differential Analysis of Fluid Flow Problems (4) 
No-slip boundary conditionNo-slip boundary condition

For a fluid in contact 
with a solid wall, the 
velocity of the fluid y
must equal that of the 
wall
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3-5 Differential Analysis of Fluid Flow Problems (5)
Interface boundary conditionInterface boundary condition

When two fluids meet at an 
interface, the velocity and 
shear stress must be the 

b th idsame on both sides

If surface tension effects are 
negligible and the surface isnegligible and the surface is 
nearly flat
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3-5 Differential Analysis of Fluid Flow Problems (6) 
Interface boundary conditionInterface boundary condition

Degenerate case of the interface BC occurs at the free surface 
of a liquid.
Same conditions hold

Since μair << μwater, 

As with general interfaces, if surface g
tension effects are negligible and the 
surface is nearly flat  Pwater = Pair
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3-6 Example exact solution (1) 
Fully Developed Couette FlowFully Developed Couette Flow

For the given geometry and BC’s, calculate the velocity and 
pressure fields, and estimate the shear force per unit area 
acting on the bottom plate

Step 1:  Geometry, dimensions, and properties

3-33
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3-6 Example exact solution (2)
Fully Developed Couette FlowFully Developed Couette Flow

Step 2:  Assumptions and BC’sp p
Assumptions
1. Plates are infinite in x and z
2. Flow is steady, ∂/∂t = 0
3. Parallel flow, V=0
4 ibl i l i i4. Incompressible, Newtonian, laminar, constant properties
5. No pressure gradient
6 2D W=0 ∂/∂z = 06. 2D, W 0, ∂/∂z  0
7. Gravity acts in the -z direction, 

Boundary conditionsy
1. Bottom plate (y=0) : u=0, v=0, w=0
2. Top plate (y=h) : u=V, v=0, w=0
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3-6 Example exact solution (3)
Fully Developed Couette FlowFully Developed Couette Flow

Step 3: Simplify 3
Note:  these numbers refer
to the assumptions on the Step 3:  Simplify 3 6

p
previous slide

Continuity

This means the flow is “fully developed”
or not changing in the direction of flowor not changing in the direction of flow

X-momentum
2 Cont 3 6 5 7 Cont 62 Cont. 3 6 5 7 Cont. 6
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3-6 Example exact solution (4)
Fully Developed Couette FlowFully Developed Couette Flow

Step 3: Simplify, cont.Step 3:  Simplify, cont.
Y-momentum

2,3 3 3 3,6 7 3 33

Z-momentum

2,6 6 6 6 7 6 66
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3-6 Example exact solution (5)
Fully Developed Couette FlowFully Developed Couette Flow

Step 4: IntegrateStep 4:  Integrate
X-momentum

integrate integrate

Z-momentum

integrateg
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3-6 Example exact solution (6)
Fully Developed Couette FlowFully Developed Couette Flow

Step 5:  Apply BC’sp pp y
y=0, u=0=C1(0) + C2 ⇒ C2 = 0
y=h, u=V=C1h ⇒ C1 = V/hy , 1 1 

This gives

For pressure no explicit BC therefore C3 can remain anFor pressure, no explicit BC, therefore C3 can remain an 
arbitrary constant (recall only ∇P appears in NSE).

Let p = p0 at z = 0 (C3 renamed p0)

1. Hydrostatic pressure
2 Pressure acts independently of flow
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3-6 Example exact solution (7)
Fully Developed Couette FlowFully Developed Couette Flow

Step 6:  Verify solution by back-substituting into p y y g
differential equations

Given the solution (u,v,w)=(Vy/h, 0, 0)( , , ) ( y , , )

Continuity is satisfied
0 + 0 + 0 = 0

X-momentum is satisfied

3-39

Chapter 3 Differential Analysis of Fluid Flow40Computer-Aided Analysis on Energy and  Thermofluid Sciences
Y.C. Shih   Fall 2011

3 39



3-6 Example exact solution (8)
Fully Developed Couette FlowFully Developed Couette Flow

Finally, calculate shear force on bottom platey, p

Shear force per unit area acting on the wall 

Note that τw is equal and opposite to the 
shear stress acting on the fluid τyx
(Newton’s third law). 3-40
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3.7 Conservation of Energy (1)
The Energy EquationThe Energy  Equation

BA

convectionbytransport energy += kinetic  and  internal  of  rateNet  of change of Rate
kinetic  and  internal

BA

ypgy
element of energy

DC

gssurroundin onelement 
by done work of rateNet 

conduction by addition
heat  of rateNet _
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3.7 Conservation of Energy (2)

• Continuum

• Newtonian 

• Negligible nuclear electromagnetic and radiation energy• Negligible nuclear, electromagnetic and radiation energy 

(1) A  = Rate of change of internal and kinetic energy of ( ) g gy
element

[ ]dxdydzVu
t

)2/ˆ(A 2+
∂
∂

= ρ (A-1)
t∂
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3.7 Conservation of Energy (3)

(2) B = Net rate of internal and kinetic energy by convection

[ ]{ }d d dVV )2/ˆ( 2∇B [ ]{ }dxdydzVVu ρ)2/ˆ( 2+∇−= •B (A-2)

(3) C = Net rate of heat addition by conduction

• Conduction at each surface depends on  temperature 
gradient

dxdydzq )(C ′′∇−= •

• Apply Fourier’s law
(A-3)
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3.7 Conservation of Energy (4)

(4)  D = Net rate of work done by the element on the ( ) y
surroundings

R t f k f l itRate of work=force x velocity
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3.7 Conservation of Energy (5)

• 18 surface forces (Fig. 2.6)
3 b d f ( it )• 3 body forces (gravity)

• Total 21 forces at 21 velocities
( )d d dV ⎡ ∂ )(D rr( )

dxdydzwu
z

wu

wu
x

dxdydzgV

zzzyzxyzyyyx

xzxyxx

⎥
⎦

⎤
++

∂
∂

+++
∂
∂

⎢⎣
⎡ +++

∂
−⋅−=

)()(

)(D

στττστ

ττσρ

vv
y

vr

z ⎦∂∂y

(A-7)Substitute (A-1), (A-2), (A-3) and (A-7) into (2.14)

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛ +⋅−∇=⎥⎦

⎤
⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛ +

∂
∂

2
1ˆ

2
1ˆ 22 VVuVu

t
ρρ
r

( )

⎥
⎤

++
∂

+++
∂

+⎢⎣
⎡ ++

∂
∂

+⋅+′′⋅∇−

)()(

)( xzxyxx

wuwu

wu
x

gVq

στττστ

ττσρ

vv

vrr
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3.7 Conservation of Energy (6)

Simplify using:
F i ’ l• Fourier’s law

• Continuity equation
• Momentum equations• Momentum equations
• Constitutive equations

û ĥ• Thermodynamic relations for andu h• Thermodynamic relations for    and 

Φμβρ ++∇⋅∇=
Dt
DpTTk

Dt
DTc p (2.15)

DtDt
where

=β coefficient of thermal expansion (compressibility)=β coefficient of thermal expansion (compressibility)

pT ⎥⎦
⎤

⎢⎣
⎡

∂
∂

−=
ρ

ρ
β 1

(2.16)

Φ di i ti f ti ( d t f i ti ) 3-46
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3.7 Conservation of Energy (7)

222
2 +⎥

⎤
⎢
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⎟
⎞

⎜
⎛ ∂

+⎟
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⎜
⎛ ∂
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⎛ ∂
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⎞
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⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

⎦⎣

wu v
(2.17)

3 ⎠⎝ ∂∂∂ zyx
( )

Φ• is Important in high speed flow and for very viscousΦ• is Important in high speed flow and for very viscous 
fluids
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3.7 Conservation of Energy (8)
Simplified Form of the Energy EquationSimplified Form of the Energy Equation

(i) Incompressible fluid

0=β

ccc ==
and

ccc p == v

DT Φμρ +∇⋅∇= Tk
Dt
DTc p (2.18)
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3.7 Conservation of Energy (9)
Simplified Form of the Energy Equation

(ii) Incompressible constant conductivity fluid

Simplified Form of the Energy Equation

Φ+⎟
⎟
⎞

⎜
⎜
⎛ ∂

+
∂

+
∂

=⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

Ρ μρ 2

2

2

2

2

2 TTTkTwTTuTc v ⎟
⎠

⎜
⎝ ∂∂∂

⎟
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∂
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∂
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3.7 Conservation of Energy (10)
Simplified Form of the Energy Equation

(iii) Ideal gas

Simplified Form of the Energy Equation

RT
p=ρ (2.20)

RT

(2 20) into (2 16)
p 111

2 ==⎟
⎠
⎞

⎜
⎝
⎛ ∂

−=
ρβ (2.21)(2.20) into (2.16) TRTT p

2⎟
⎠

⎜
⎝ ∂ ρρ

β (2.21)

DpDT
(2.21) into (2.15) Φμρ ++∇⋅∇=

Dt
DpTk

Dt
DTc p (2.22)

D ρUsing continuity (2.2c) and (2.20)

Φμρ +⋅∇−∇⋅∇= VpTk
Dt
DTc

r
v (2.23)

0=⋅∇+ V
tD

D r
ρρ

(2.2c)
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